We consider stability properties of spherically symmetric spacetimes of stars in metric f (R) gravity. We stress that these not only depend on the particular model, but also on the specific physical configuration. Typically configurations giving the desired γPPN ≈ 1 are strongly constrained, while those corresponding to γPPN ≈ 1/2 are less affected. Furthermore, even when the former are found strictly stable in time, the domain of acceptable static spherical solutions typically shrinks to a point in the phase space. Unless a physical reason to prefer such a particular configuration can be found, this poses a naturalness problem for the currently known metric f (R) models for accelerating expansion of the Universe.
I. INTRODUCTION
The observation that the expansion of the Universe appears to be accelerating [1, 2] has provoked discussion of a number of models for extended gravity involving nonlinear interactions in the Ricci scalar R:
Here κ ≡ 8πG, S m is the usual matter action and f (R) describes the new physics in the gravity sector; setting f (R) = −2Λ corresponds to the canonical EinsteinHilbert action in General Relativity (GR) with a cosmological constant Λ. The idea is that if cosmological data could be fitted by the use of some nontrivial function f (R), one might avoid the theoretical difficulties and fine-tuning issues related to a pure cosmological constant. However, it has been shown that when understood as a metric theory, the action (1) can lead to predictions that are not consistent with Solar System measurements [3, 4, 5] . While observations require a parameter |γ PPN − 1| 10 −4 [6] in the Parametrized Post-Newtonian (PPN) formalism, the value predicted in metric f (R) theories is typically γ PPN ≈ 1/2. This is certainly the case [3, 4, 5] for the first simple f (R) models suggested in the literature [7, 8] . It is however difficult to make a completely generic prediction of this result and there have been many arguments both for [3, 4, 5, 9] and against [10, 11, 12, 13, 14, 15] metric f (R) gravity failing Solar System tests. In particular, more complicated f (R) functions have since been suggested which claim to yield γ PPN ≈ 1 [11, 12, 13, 14] .
In this paper we set up the conditions which the function f (R) must fulfill, so that a solution to the field equations which is compatible with Solar System observations exists, in particular with γ PPN ≈ 1. However, we will also argue that the mere existence of such a solution does not imply that a model is consistent with observations. Since metric f (R) gravity is a fourth-order theory, spacetime geometry and matter are not in as strict a correspondence as in General Relativity; depending on the boundary conditions on the metric, a given matter distribution can be consistent with different static spacetimes and with different values of γ PPN . Moreover, no physical principle tells us that only the boundary conditions corresponding to γ PPN ≈ 1 solutions should be acceptable. The question is then, which solutions are the most natural ones? How plausible is it that the collapse of a protostellar dust cloud leads to the formation of the spacetime observed in the Solar System? To answer these questions one would ideally like to study the full dynamical collapse, and given a domain of reasonable initial conditions, determine the attractor in the configuration space of possible solutions. This computation is beyond the scope of this paper however. We will instead approach the problem by studying how the time stability argument constrains the phase space of configurations with the desired properties.
The conditions that a generic metric f (R) model should satisfy in order to yield acceptable solutions are: first, the Ricci scalar should closely follow the trace of the energy-momentum tensor inside a changing matter distribution, where at the same time the dimensionless quantities f /R and F ≡ ∂f /∂R should remain much smaller than 1 at regions of high density. Second, the effective mass term m 2 R for a perturbation in the Ricci scalar should be positive in order to assure that the GRlike γ PPN ≈ 1 configurations are stable in time. Third, the mass m 2 R should remain small so that a finite domain of static, GR-like configurations exist. This is guaranteed if m 2 R 1/r 2 ⊙ , where r ⊙ is the radius of the Sun. If this last condition is not fulfilled, the domain of GRlike configurations shrinks to essentially a point in the phase space, while a continuum of equally good, but observationally excluded, solutions still exists. In such a case the credibility of the theory requires an argument as to why the particular GR-like configuration should be preferred. None of the models so far proposed in the literature, including Refs. [12, 13, 14] , satisfy all of these constraints, and we also failed to construct a model that would. Largely this failure comes from the difficulty to keep both the function F and m 2 R ∼ 1/(3F ,R ) small simultaneously when the Ricci scalar follows the matter distribution, R ≈ κρ.
It should be noted that the above considerations only apply for the desired GR-like γ PPN ≈ 1 configurations when a model is tuned to mimic a (very small) cosmological constant. Metric models with a true cosmological constant plus some additional sufficiently small f (R) correction can be perfectly fine. Thus the above arguments do not exclude generic f (R) modifications, such as might arise from quantum corrections, to the Einstein-Hilbert action. One should also note that it is in general easy to construct stable attractor solutions yielding γ PPN ≈ 1/2 in metric f (R) theory. It is the precision data from the Solar System which makes these solutions unacceptable.
The paper is organized as follows. We start by reviewing the Solar System constraints in Sec. II. We consider the Dolgov-Kawasaki time instability [17] in Sec. III and discuss the corresponding stability criterion for spherically symmetric configurations. Section IV considers static configurations and the possibility for metric f (R) gravity to follow stable, GR-like solutions that are compatible with Solar System constraints. We find that the condition for finding a finite domain of boundary conditions giving rise to a GR-like metric is nearly orthogonal to the time stability condition. Finally, Sec. V contains our conclusions and discussion.
II. SOLAR SYSTEM CONSTRAINTS AND THE PALATINI TRACK
Let us begin by reviewing the main constraints from the Solar System observations on static solutions in metric f (R) gravity. Varying the action (1) with respect to the metric gives the equation of motion:
where F ≡ f ,R = ∂f /∂R and = g µν ∇ µ ∇ ν . Taking the trace of this equation one finds:
If F → 0 and f → R this equation reduces to the standard algebraic GR relation between the Ricci scalar and the trace of the energy-momentum tensor T . In a generic metric f (R) theory R is a dynamical variable however, and the theory may exhibit an instability which we will discuss in the next section. Assuming a static, spherically symmetric metric g µν ,
the full field equations (2) reduce to the following source equations for the metric functions A and B in the weak field limit (to first order in small quantities):
where γ ≡ rF ′ /2(1 + F ), a prime refers to a derivative with respect to r, and we have neglected pressure so that T ≈ −ρ. The parameter γ and the terms in the square brackets highlight the deviation from General Relativity. The value of γ PPN ≈ −B/A far away from a gravitational source depends on the continuous evolution of A and B throughout the Sun. It is particularly sensitive to the evolution through the core where the density is the highest. Hence, to obtain γ PPN ≈ 1 and the correct gravitational strength in the Solar System, the only solution, not obviously dependent on an enormous amount of fine-tuning [22] , is that the extra terms in Eqns. (5-6) must remain small throughout the interior of the Sun. Now, if the extra terms can be neglected in the B ′ equation, one finds that B 10 −6 throughout the interior of the Sun [5] . It then becomes clear from the A ′ equation that f /R, F , and rF ′ need to be very small compared to 1. However, to make the correction vanish in the B ′ equation one in addition needs to require that the Ricci scalar traces the matter density R/κρ ≈ 1. So, barring perhaps some fantastic fine-tunings, the only possibility is that one finds a configuration for which:
Note that this limit was also discussed in Ref. [12] . Here we see that the above conditions are a necessary requirement for fulfilling the local gravity constraints. In GR the equation R = −κT is of course exact (remember that we are neglecting pressure throughout so that T ≈ −ρ), but this is in general very difficult to arrange in a metric f (R) model. The problem lies in the dynamical nature of the Ricci scalar in metric f (R) gravity. To see this, consider the static trace equation (3) in the weak field limit:
where we have again assumed that pressure is negligible. Assume now that F = F 0 at the center of the Sun. If the nonlinear term Σ(F ) is small compared to κρ, then the solution for F becomes:
where m(r) ≡ r 0 dr ′ 4πr ′2 ρ. In the case of the Sun this implies that F evolves only little: |F (r) − F 0 | 10 −6 [5] .
The solution (9) is in general not compatible with R ≈ κρ as required by the conditions (7). Let us now set Σ(F 0 ) = κρ 0 at r = 0. If the gradients somehow remain small throughout the evolution, then the solution follows the Palatini trace equation:
For small F and f /R this evolution would be consistent with the condition R ≈ κρ and, since we are following the Palatini track, give γ PPN ≈ 1 (see e.g. [21] ). Whether such a solution actually exists is more difficult to prove. However, one can study under which conditions such a solution, if it exists, would be an attractor and whether it would also be sufficiently stable in time.
Finally, let us note that if Σ(F ) ≪ κρ so that F is given by Eqn. (9), small F and f /R result in a different class of solutions with R/κρ ≪ 1. In this case the field Eqns. (5-6) reduce to
It is easy to show that together with Eqn. (9) these give γ PPN ≈ 1/2.
III. TIME STABILITY
Let us first consider the time stability of spherically symmetric configurations in generic f (R) models. Perturbing around some arbitrary configuration, R(r) → R(r, t) = R(r) + δR(r, t), and expanding to first order in δR, δR ′ andδ R, where the prime refers to a derivative with respect to r and the dot to a derivative with respect to t, one can write the trace equation (3) in the following form in the weak field limit:
where ∆ ≡ −κT − R(1 − F ) − 2f and
with
Here a tilde is used to denote that a quantity is perturbed, i.e. it is a function of R(r, t) as opposed to the [12] , and αR log (R/µ 2 ) (solid black). The actual density profile used in all figures corresponds to the known density profile of the Sun with a central density of 150 g/cm 3 and with a roughly exponential dependence on r. We have also superimposed a constant dark matter distribution on the profile of the Sun with ρDM = 0. [12] , and αR log (R/µ 2 ) (solid black).
background value R(r). Assuming that the configuration R(r) we are perturbing around is a solution to the static equation, the second line in Eqn. (13) drops out. Moreover, for most cases the gradient term proportional to δR ′ is completely negligible inside a stellar object and can be dropped as well. See Fig. 1 for some examples. The behavior of the perturbation around a static, spherically symmetric solution is thus governed by the equation
Note that the mass m 2 R only depends on the background value of the Ricci scalar R(r). Table I and II show the components of m 2 R in some particular models and the corresponding parameter values used in all figures are displayed in Table III . As discussed in the previous section, F needs to be small compared to one for GR-like configurations (see Fig. 2 , we will discuss this constraint further below). When this is the case one typically finds that also ε ≪ 1, so that m 2 R ≈ 1/3F ,R . It then follows that if F ,R < 0, then m 2 R < 0 and the coefficient of δR is negative for the configuration in question, so that system exhibits an instability. This is the instability first found by Dolgov and Kawasaki in the context of an f (R) = −µ 4 /R model [17] (see Ref. [18] for a more general case). It is important to note that the instability depends not only on the model, but also on the particular configuration. Certain configurations in a given model are more stable than others and the instability may even vanish in some cases.
The nature of the instability is most transparent in the special case with constant curvature. Then m R is a constant and one can obtain an exact solution for δR(r, t). Expanding δR in Fourier modes, one finds that a mode with wave vector k has the time dependence
so that for negative m 2 R ∼ 1/3F ,R , all modes with k < |m R | are unstable. This does not necessarily rule out a model however. If for example |m R | ∼ H 0 , then the instability time is much longer than the lifetime of the Solar System and the model is safe. Moreover, whenever |m R | −1 is much larger than the size of the physical system under consideration, only modes corresponding to scales much larger than the system are unstable and this can not alter its local geometry. Now, assume that we have a GR-like solution, such that R ∼ −κT ≈ 8πGρ. One then has
where we have used Λ ≈ 0.73κρ crit . Hence, for a pure −µ 4 /R model the mass squared is on the order of
This system is violently unstable at normal densities for
3c1n(n + 1) /c2R)(1+1/c2R n ) and a bar indicates that a quantity is dimensionless and measured in units of µ, e.g.R ≡ R/µ 2 . In the third model above, originally suggested in Ref. [12] , we have only kept the leading terms in ε.
all scales larger than ∼ 10 −18 m, if µ is fixed to account for the present accelerating expansion of the Universe.
As was pointed out by Dick [19] and later discussed by Nojiri & Odintsov [20] , adding a conformal term αR 2 /µ 2 can stabilize this system; for f (R) = −µ 4 /R + αR 2 /µ 2 the previous approximation for the mass reads:
where the last step assumes that αR
so that the configuration would clearly not be GRlike [23] . The problem is that changing F modifies the effective strength of the gravitational constant G eff = G/(1+F ), which controls the buildup of the gravitational potential inside the star. In fact, for α ∼ 1 the effect is so strong that it would weaken the gravitational force so much as to prohibit the growth of any density contrasts much above the critical density. This argument can be turned around to a constraint: in order for the function F to remain small inside the densest objects we have reasonably accurate information on, the neutron stars, one has to have ακρ nucl /µ 2 ≪ 1, where ρ nucl is the nuclear density [24] . Since µ 2 ∼ κρ crit we find that
This is quite a stringent constraint, but it does not rule out the model based on the required time stability. Indeed, for example with α = 10 −47 one has α(κρ) 3 /µ 6 = 1 when ρ ∼ 10 16 ρ crit . For any density higher than this value, the system is stable in time with a very large positive mass squared given by the formula in Eqn. (20) :
There is a caveat to this argument however, since for these parameters the gradient term proportional to δR ′ becomes very large inside the Sun (see Fig. (1) ) and the simplified equation (16) can no longer be trusted.
The complete mass squared function for the model with a fine-tuned conformal αR 2 term, using the exact expression (14) , is shown in Fig. 3 (dashed green curve) . The lower panel displays the absolute value |m R . In the model at hand the mass would remain large and positive throughout the entire interior of the Sun, which is the necessary condition for time stability. The GR-like configuration does become unstable at low densities, but this would not necessarily change the value of γ PPN in the Solar System. 
f (R)
Parameter values solid blue line represents the simple −µ 4 /R model, which has a very large negative mass inside the Sun, and the dash-dotted red curve shows the mass function in a model by Hu & Sawicki (HS) [12] . The HS model fulfills the conditions (7) by construction, and its very large positive mass guarantees time stability. The fact that m 2 R becomes negative around r ∼ 6r ⊙ in the HS model is caused by the ε term in the complete expression (14) , but this does not necessarily have any effect on γ PPN . Moreover, this feature is sensitive to the particular form of the exterior density profile (where we have neglected for example the Solar wind) and it is not important for our main results. Overall one sees that the expression m 2 R ≈ 1/3F ,R is a very good approximation for the first three models described in Table I , except for a small region around r ∼ 6r ⊙ where the ε term may come into play. For the logarithmic model this approximation is only good for very low densities and we will discuss this in more detail in section IV.
We can summarize this section as follows: the stability of a static, spherically symmetric GR-like configuration with R ≈ κρ is predominantly governed by the mass term m 2 R ∼ 1/3F ,R . If F ,R < 0, all perturbations with wavelengths larger than 1/|m R | will be unstable so that for a large mass |m R |, the curvature inside a stellar object will evolve rapidly before some nonperturbative effect stabilizes the system. Hence, in order for a model to be stable, m 2 R should be positive throughout the Sun for GR-like configurations [25] . Both the model with a fine-tuned conformal αR 2 term (apart from the caveat mentioned above) and the HS scenario do satisfy all constraints discussed so far.
IV. AN UPPER BOUND ON
As mentioned in the introduction, a given matter distribution can be consistent with many different static geometries, depending on how the boundary conditions are defined at the center of the star. One always requires that the exterior metric is asymptotically flat and so different solutions are characterized by different values of γ PPN . There appears to be no a priori preference of one solution to another and indeed the question is: what is the most probable configuration to arise through gravitational collapse? Lacking a dynamical calculation we are restricted here to study how special the GR-like solutions are in the phase space.
Consider a static solution R(r) = R T (r) + δ(r) where R T is the solution to the Palatini trace equation and δ/R T ≪ 1 so that R remains very close to the Palatini track. Note that the function δ(r) is not a true perturbation since R T (r) is not a solution to the complete metric trace equation (3) . However, one can easily obtain the equation governing δ via Eqn. (13), giving
where F and its derivatives are functions of the "background" value R T (r). Similarly, the "perturbed" quantities in the definition for ε are functions of R(r) = R T (r) + δ(r).
In analogy with the above analysis for δR(r, t), let us consider a constant density object so that R T = const., giving
The mass term m 2 R is of course the same mass that appears in the equation for δR(r, t). Now, for m 2 R < 0, the solution for δ(r) is decaying so that the Palatini track acts as an attractor for the solution R(r). This is exactly the behavior that was demonstrated by solving the full field equations in Ref. [5] for a f (R) = −µ 4 /R model. However, if m 2 R > 0, the solution for δ(r) will also contain a growing component:
The fine-tuning problem we have to face is manifest from this equation: the time stability argument of the preceding section requires that m 2 R > 0, so that Eqn. (25) with its growing mode is what describes the deviation away from GR-like solutions.
From Sec. III we already know that setting up a GRlike configuration requires fine-tuning at the center of the star. However, what Eqn. (25) implies is worse: starting from r = 0 we could always choose a boundary condition (F 0 , F ′ 0 ) that kills the growing mode, but as any perturbation around this solution would be exponentially enhanced, the boundary condition must be set with an incredible precision when m 2 R is large. Numerically such a solution can always be found by use of a differentiation method that kills the growing mode as was done in Ref. [12] . However, different choices of boundary conditions would lead to other physically, but not observationally, acceptable spacetimes. For example, if one starts from a point a little off from the GR track, δ initially grows exponentially pulling the solution away from R ≈ κρ. Then the nonlinear terms typically become negligible in Eqn. (8) and R(F ) starts to approach the solution of Eqn. (9) . For R/κρ ≪ 1 this limit corresponds to the evolution of A and B given by Eqns. (11) (12) , which leads to γ PPN ≈ 1/2. Thus, for a large m 2 R the nearly singular static GR-like solution is surrounded by a continuum of equally acceptable configurations, however with observationally excluded values for γ PPN .
Hence, given no physical reason to prefer a given set of boundary conditions, it would appear more natural to expect that the metric around a generic star would correspond to γ PPN different from one. As stated above, to make a definitive statement would require solving the dynamical problem of collapse, but this is beyond the scope of the present work. Nevertheless we believe that we have identified a potential problem for metric f (R) gravity models: for an f (R) model to be credible, it is not sufficient to provide a mere proof of existence of a GR-like solution, but one should also give an argument as to why this particular solution is preferred.
The situation would be ameliorated if the growing mode is not excluded, but the length scale dictating the growth of the perturbations, 1/m R , is small enough. Roughly one should have
throughout the Sun. However, both the HS scenario and the fine-tunded f (R) = −µ 4 /R + αR 2 /µ 2 model fail this constraint by a large margin, as can be seen from Fig. 3 . This is also the case for the model in Ref. [11] where a stabilizing conformal term creates a behavior very similar to the αR 2 model discussed here. The same argument also applies to more recent models introduced in Refs. [13, 14] . These scenarios behave very similar to the HS model at late times, but were designed to also account for inflation at very high energies. For example, for the model suggested in Ref. [14] ,
where the authors chose m = l = n for simplicity, and n ≥ 2, one can show that the mass squared is given by [14] 
Here R I ∼ (10 15 GeV) 2 is set to the scale of inflation, and so this mass is enormous in comparison with the bound (26) inside the Sun.
The generic problem is that a small value of m 2 R ∼ 1/3F ,R requires a large value for F ,R . However, at the same time one also needs F ≪ 1 in order to obtain a reasonable gravitational potential. This tension is what makes it difficult to find a suitable function f (R). Let us illustrate the problem further by trying to construct an explicit model by rst making sure that the toughest requirement is satisfied. At the center of Sun R ≈ κρ ∼ 10 31 Λ ∼ 10 −3 /r 2 ⊙ , which is much smaller than the upper limit on m 2 R . Thus we can take
Using this together with the formula F ,R ∼ 1/m 2 R , we can construct a candidate model:
where µ 2 = 4Λe (1−α)/α in order to obtain the desired accelerating expansion of the Universe at present. Furthermore, demanding that F ≪ 1 in the interior of the Sun yields α 0.01 so that µ 2 e 100 Λ [26] . So, curiously enough the Solar System constraints would force this model to create the desired accelerating expansion without an extremely small energy scale ∼ √ Λ.
Unfortunately, there is a flaw in the above argumentation, since we implicitly assumed that ε ≪ 1 by assuming m 2 R ∼ 1/3F ,R . This assumption was fine for the discussion in the previous sections, but it fails here. Indeed, when F ,R is large, the gradient term proportional to [3F ,R ](R ′ /R) 2 in ε may also become large (see Table II ). We can estimate the size of this term using an exponential density profile for the Sun ρ ∼ ρ 0 /(1 + e ξ(r−r⊙) ), where ξ ∼ 10r 
This mass squared is actually negative, so the fine-tuning problem is no longer an issue. However, we have recreated a time instability corresponding to the characteristic length scale ξ −1 of the system. This behavior is clearly visible in Fig. 3 where we have plotted both the full mass squared m 2 R (solid black) and the bare function 1/3F ,R (dotted black) for the αR log (R/µ 2 ) model.
V. SUMMARY AND DISCUSSION
We have shown in this paper that attempts to find stable static solutions with γ PPN ≈ 1 in metric f (R) models, designed to also account for the accelerating expansion of the Universe, lead to a string of constraints on the model parameters. One must find a configuration for which simultaneously F ≡ ∂f /∂R and f /R remain small compared to one in the interior of the star, where the strength of the gravitational field is built up, while the Ricci scalar traces the matter distribution: R ≈ κρ. (See also Ref. [12] ). In addition, for the configuration to be stable in time, the effective mass term m 2 R for a perturbation in the Ricci scalar needs to be either positive [17] , or if negative, |m R | −1 must be much larger than the size of the physical system under consideration. Furthermore, we showed that unless m 2 R 1/r 2 ⊙ , the domain of GRlike static configurations shrinks to essentially a point in the phase space, while for example a continuum of solutions corresponding to γ PPN ≈ 1/2 exists.
Hence, in particular for large positive m 2 R , it would appear more natural to expect that the metric around a generic star would correspond to γ PPN different from one. To make a more definitive statement one should solve the dynamical gravitational collapse of a protostellar dust cloud, which is beyond the scope of this paper however. Moreover, to a degree the problem with the boundary conditions would merely be translated to setting the initial conditions for the collapse. Nevertheless, we believe that we have identified a potential problem in that to make a given metric f (R) model credible, one should give an argument as to why the GR-like configurations should be preferred. Otherwise, if the PPN and stability constraints are supplemented by our fine-tuning argument, it seems unlikely that any f (R) model can pass the test -unless one gives up the hope that the theory is also responsible for the accelerating expansion of the Universe. This is because the condition m 2 R 1/r 2 ⊙ , combined with m 2 R ∼ 1/3F ,R , implies that F ,R needs to be large. However, since at the same time one needs F ≪ 1, a tension is created that makes finding a suitable function f (R) very difficult.
Let us finally note that while completely GR-like configurations are hard to construct in f (R) models, it does not mean that such theories would be somehow fundamentally ill. In fact many metric f (R) theories could describe gravitational physics quite well in most situations; it is the very precise information on γ PPN from Solar System experiments which eventually forces one to set R ≈ κρ. Indeed, if one looks even at the simplest model with f (R) = −µ 4 /R, one finds that setting R essentially to any other value than κρ gives γ PPN ≈ 1/2 [5] . Moreover, whenever one has R ∼ µ 2 , one finds m 2 R ∼ µ 2 , so that these configurations are effectively free of any stability problems. Thus, one sees that the Dolgov-Kawasaki instability and fine-tuning problems depend not only on the theory, but also on the particular given configuration within a given model. Even in the simplest −µ 4 /R model one can construct sufficiently stable spacetimes for stellar objects that are consistent with the accelerating expansion of the Universe; these are only excluded from describing reality by the very precise PPN constraints.
leads to even more uncertainties as to how the actual dynamical gravitational collapse would proceed.
[23] In general, F > 1 implies that the leading approximation in Eqn. (20) is no longer valid. However, it still holds for f (R) = −µ 4 /R + αR 2 /µ 2 , since the contribution of the conformal term in F will cancel with the leading term in ε where additional terms remain small compared to one.
[24] The loophole to this argument is if one only follows R ≈ κρ inside the Sun, but that the Ricci scalar is allowed to significantly deviate from this relation inside neutron stars. In such a case one could maintain F ≪ 1 for much larger values of α, resulting in a smaller m 2 R for the Sun.
This scenario seems very contrived however.
[25] Configurations with a small enough negative m 2 R can be accepted as well. The minimum requirement is then that at least all perturbations with wavelengths smaller than the size of the physical system under consideration should remain stable.
[26] However, note that since F = α(log (R/µ 2 ) + 1) = α log (R/4Λ) − 1 + 2α, there is some tension between getting F ≪ 1 inside both the Sun and a neutron star. Although this may indeed prove relevant in further considerations, it is not of importance for the discussion at hand.
